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1. Introduction
A long outstanding conjecture for odd order translation planes is that nonabelian simple
group cannot be a collineation group (see, for example, [16]). We define a simple transla-
tion plane to be a translation plane that admits a nonabelian simple collineation group. The
above conjecture could be stated as an odd order translation plane is not simple.
The full collineation group of a finite translation plane of order 2 is solvable. A trans-
lation plane of order 4 admits a collineation group isomorphic to the simple group L2(4).
This suggests the following version of the above conjecture.
Odd Order Translation Planes Conjecture. A finite simple translation plane has order
divisible by 4.
Note that a projective plane of order 2 admits a simple collineation group isomorphic
to L3(2).
A finite translation plane can be viewed as a vector space V of dimension 2d over a
finite field F of characteristic p together with a spread S . A spread is a set of |F |d + 1,
d-dimensional F -subspaces such that each nonzero vector lies in exactly one of these
subspaces. The characteristic of the plane is p and the order of the plane is |F |d , which is
a power of p. A collineation group in the linear complement of a finite translation plane
is called a linear collineation group. For any subspace W of V , let S(W) := {X ∈ S |
X ∩ W = 0}. This paper continues our study of collineation groups of finite translation
planes. We prove the following result.
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simple collineation group H with perspectivities, then the plane has order divisible by 4.
The plane admits a linear collineation group G ∼= H with perspectivities, and one of the
following holds:
(1) G ∼= SL(2, q), where q is even. If there is a Baer involution, then any perspectivity
in G has order dividing q + 1. If there is an involutorial perspectivity, then V is a
direct sum of natural modules, each summand is a Desarguesian plane of order q and
S(W) = S(U) for any two summands W and U .
(2) G ∼= Sz(q). Involutions are shears, V is a direct sum of natural modules, each
summand is a Lüneburg plane of order q2, and S(W) = S(U) for any two summands
W and U .
From now on we use the term a simple group to mean a nonabelian simple group.
Theorem 2.2 below shows that in the study of finite translation planes the question of
determining quasi-simple collineation groups (with perspectivities) is equivalent to the
question of determining quasi-simple linear collineation groups (with perspectivities).
The Main Theorem provides an affirmative answer to the odd order conjecture under the
condition that such a group is a known simple group and contains perspectivities. The word
“known” could be removed, after the full classification of finite simple groups is complete,
in the Main Theorem as well as in Theorem 1 below. (This depends on the current work on
quasithin groups by M. Aschbacher and S. Smith [2].) The Main Theorem also provides
the following characterization for Desarguesian planes of order divisible by 4, Lüneburg
planes, and even order Ott–Schäffer planes.
Theorem 1. A finite translation plane (V ,F,S) of characteristic p is a Desarguesian
plane of order divisible by 4, an even order Ott–Schäffer plane, or a Lüneburg plane if and
only if the plane admits a known simple linear collineation group G with perspectivities
such that V is an irreducible Fp(G)-module.
A remark on the irreducibility in Theorem 1 is in order. Irreducibility depends on the
field. The field F is a subfield of the kernel of the plane and F contains the prime field Fp .
The space V could be an irreducible F(G)-module (for example, a trivial F(G)-module),
but an reducible Fp(G)-module. As the simple group in Theorem 1 is arbitrary, a condition
like F being a splitting field or a condition like V being an absolute irreducible F(G)-
module seems not appropriate as the condition appeared in Theorem 1.
In the proof of the Main Theorem, by Theorem 2.2 below, we may assume without loss
of generality that G is a simple linear collineation group with perspectivities. In [12] the
alternating groups and the 26 sporadic simple groups have been treated. In this paper we
prove the following result.
Theorem 2. If a finite translation plane (V ,F,S) of characteristic p admits a simple Lie
type group G of Lie rank 1 as a linear collineation group with perspectivities, then p = 2
and one of the following holds:
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has order dividing q + 1. If there is an involutorial perspectivity, then V is a direct
sum of natural modules, each summand is a Desarguesian plane of order q and
S(W) = S(U) for any two summands W and U .
(2) G ∼= Sz(q). Involutions are shears, V is a direct sum of natural modules, each
summand is a Lüneburg plane of order q2, and S(W) = S(U) for any two summands
W and U .
This result together with [11, Theorem A] provide a criterion (without using the full
classification of finite simple groups) for translation planes of even square orders in the
following.
Theorem 3. Suppose (V ,F,S) is a finite translation plane. If |F | ≡ 1 (mod 3) and the
plane admits a simple collineation group G with perspectivities, then |F | is an even power
of 2.
We use a result of Dempwolff [5] on the existence of involutorial perspectivities for
projective planes to replace our original treatment of simple groups of Lie type different
from the groups appeared in Theorem 2.
Some words on the notations. From now on, in this paper planes and groups will have
finite cardinalities. A member of a spread is called a fiber. An affine perspectivity of a linear
collineation group is a perspectivity with a fiber as its axis. For a subset H of a collineation
group or a group of linear transformations and a subspace W of V , we write W(H) for
CW(H). Other notation, terminology is taken from [4,7,8,14] (group theory) and [13,17]
(finite geometry).
2. Preliminary results and Groups of Lie rank 1
We record the following well-known formula (see, for example, [15]).
Lemma 2.1. LetKi = xiG, Kj = xjG, andKk = xkG be three conjugacy classes of G. The
number of elements in Ki and Kj such that their product equals to xk is
Cijk = |Ki ||Kj ||G|
h∑
t
χt (xi)χt (xj )χt (xk)
χt (1)
.
Theorem 2.2. A translation plane (V ,F,S) admits a quasi-simple collineation group G
if and only if the plane admits a linear collineation group L isomorphic to G. Further,
G contains perspectivities (respectively affine perspectivities) if and only if L contains
perspectivities (respectively affine perspectivities). If G is simple, then perspectivities of L
are affine perspectivities.
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Identify the translation group with V . Let H = GV . Let L :=H0, the stabilizer of the zero
vector in H . Then L is a group of semi-linear transformations.
We claim G∩V = 1. Let G∩V = N . Suppose N = 1. As V acts regularly on the affine
points, G = G0N , and G0 ∩ N = 1. Since G is quasi-simple and N is a proper normal
subgroup of G, N  Z(G). Hence G = G0 × N . This implies N = 1 as G is perfect. This
contradiction establishes our claim.
As V acts regularly on the affine points, H = LV and L ∩ V = 1. Since H = GV , we
obtain G ∼= L. In particular, L is perfect. This implies that L is a linear collineation group.
Suppose G contains a perspectivity g. If the axis of g is the line of infinity l∞, then g
is either in V or is a homology. As G ∩ V = 1, so g /∈ V . Thus g is a homology with an
affine point as its center. As l∞ is H -invariant, the action of V shows that L contains a
homology h with l∞ as its axis. Thus h induces a scalar multiplication, where the scalar is
from the kernel of the plane. Hence h is in the center of L. This cannot occur in the case
in which G is simple, as L is simple. It also shows that if G is simple, then perspectivities
of L must be affine perspectivities.
Suppose the axis of g is an affine line. As V acts regularly on the affine points, L also
contains a affine perspectivity as desired. 
By Theorem 2.2, we could now turn our attention to linear collineation groups. In the
rest of this section, let G be a simple linear collineation group with perspectivities of a
finite translation plane (V ,F,S), where V is the underlying vector space over a field F of
characteristic p and S is a spread.
Lemma 2.3. If G ∼= Sz(q), where q is an odd power of 2, then p = 2, involutions are
shears, and V is a direct sum of natural modules, each is isomorphic to a Lüneburg plane
of order q2. Further, S(W) = S(U) for any two summands W and U .
Proof. Let g be a perspectivity in G. Suppose an involution is a Baer involution. As
all involutions are conjugated in Sz(q), involutions are Baer. Thus perspectivities are
homologies of odd orders. By [12, 2.1] an element of order dividing q − 1 cannot be a
homology as it normalizes (but not centralizes) a Sylow 2-subgroup. This shows that the
possibility for the order of g is a divisor of q ± √2q + 1. Thus g is in a conjugacy class
C of type C6 or C7 in [1, p. 239]. By [1], we see that CC contains an involution. This
is impossible. (See, for example, [12, 4.12].) Therefore involutions are perspectivities. By
[9] or [12, 3.1], we see that p = 2. As an involution fixes 0 and the line of infinity, so an
involutorial perspectivity must be a shear (i.e., with an affine axis). The conclusion now
follows from of [12, 4.6]. 
Lemma 2.4. G ∼= U3(q) (Other notations: PSU(3, q2) or PSL−3 (q)).
Proof. By way of contradiction, we assume that G ∼= U3(q). By [12, 4.7], we may assume
further that G has a homology g of odd prime order  .
We have |G| = 1
d
q3(q+1)2(q−1)(q2−q+1), where d = (q+1,3). (See, for example,
[8, pp. 329–332].)
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subgroup of G will contain a homology. The center of a Sylow  -subgroup is contained
in a subgroup isomorphic to SL(2, q).
Suppose  divides q − 1. This implies that g also belongs to a subgroup isomorphic to
SL(2, q).
Now [12, 4.14] provides a contradiction in these two cases.
(2)  divides q + 1 but  = 3. By [8], there is a subgroup of G which is an extension
of an abelian subgroup of order (q + 1)2/d by ∑3. This provides a subgroup Z × Z
containing g and the number of the images of 〈g〉 under ∑3 is at least 3. By [12, 4.9 or
4.11], g cannot be a homology, which is a contradiction.
(3)  divides q+1 and  = 3. Since 3 divides q+1, 3 also divides q2 −q+1. However
9 does not divide q2 − q + 1. (This is because of q ≡ 2 (3), so q ≡ 2,5,8 (9). Therefore
q2 − q + 1 ≡ 3 (9).) Hence 3 does not divide (q2 − q + 1)/3. Thus |G|3 = ((q + 1)2)3 is
always a square.
There are two subcases here. The first case is the case in which 9 does not divide q + 1.
From [18, p. 492], we see that the 3-elements in C6{k,l,m} will be the same as C6′ and there
are no elements of order 3 in C7{k}. In other words, there is only one conjugacy class of
elements of order 3 in G in this case. This implies that a subgroup isomorphic to SL(2, q)
will contain g, which again is a contradiction except in the case in which q is even and the
characteristic p of the plane is 2 by [12, 4.14].
Suppose q is even and p = 2. Note that 3 divides q2 − q + 1. By [8, p. 329, 6.5.3(d)]
G contains a Frobenius group with a kernel of order (q2 − q + 1)/3 and a complement of
order 3 in this case. Since q is even, so (q2 − q + 1)/3 is odd. Let N be a minimal normal
subgroup of this Frobenius group. Then N is an elementary abelian group of odd order.
Thus N is the kernel of the Frobenius group H := N〈g〉. As |N | is odd and p = 2, so
V = V (N) ⊕ [V,N]. Applying [15, 15.16, p. 270] to the space [V,N] and the Frobenius
group H , we obtain dim([V,N](g)) = 13 dim([V,N]).
We claim that V (N)(g) = 0. By way of contradiction, suppose V (N)(g) = 0. Since
H = N〈g〉, this implies that all Sylow 3-subgroups of H , which are conjugates of 〈g〉,
have a nontrivial common fixed point. As g is an affine homology, this forces all Sylow
3-subgroups of H have a fiber X as a common axis. This implies that N also has X as an
axis. Therefore V (N) = X. On the other hand, as N acts nontrivially on V , so [V,N] = 0.
Hence
dim
([V,N](g))= 1
3
dim
([V,N])> 0.
Therefore
dim
(
V (g)
)= dim(X)+ dim([V,N](g))> dim(X).
This contradicts the fact that g is a homology with axis X. This contradiction proves that
V (N)(g) = 0 as claimed. From V (N)(g) = 0, we see that V (g) = [V,N](g).
Hence
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(
V (g)
)= dim([V,N](g))= 1
3
dim
([V,N])= 1
3
(
dim(V )− dim(V (N)))< 1
3
dim(V )
<
1
2
dim(V ).
However, this contradicts dim(V (g)) = 12 dim(V ) as g is an affine homology. This
contradiction proves that in this case g cannot be a perspectivity.
The second case is the case in which 9 divides q + 1. By [8, p. 329], g is in a subgroup
H ∼= (Z3 × Z3)SL(2,3). As all subgroups of order 3 in O3(H) are conjugated, O3(H)
does not contain any homology by [12, 4.11(1)]. A Sylow 3-subgroup of H has three more
elementary abelian subgroups of order 9 besides O3(H). Let S be one of these elementary
abelian subgroups. The subgroups of S of order 3 (3 of them), which are not the center of
the Sylow 3-subgroup, are conjugated in NH(S). Thus S cannot contain any homology by
[12, 4.11(1)]. This shows that the second case cannot occur and completes the analysis of
case (3).
(4)  divides q2 − q + 1. By [12, 4.15],  = 3. Thus we are back in case (3). This
completes the proof of the lemma. 
Lemma 2.5. G ∼= 2G2(3n), n odd, and n > 1.
Proof. Set q = 3n. Then |G| = q3(q − 1)(q3 + 1). (See, for example, [8, p. 332].)
A Sylow 3-subgroup of G has order q3, class 3, and is disjoint from its conjugates. Let
q± = q ± 3(n+1)/2 + 1. Thus G contains Frobenius groups of order q+ · 6 and q− · 6,
where a subgroup of order q± is a Hall subgroup. Note that q+q− = q2 − q + 1. So
|G| = q3(q − 1)(q + 1)q+q−. Also Borel subgroups of G are Frobenius groups of order
q3(q − 1).
By way of contradiction, assume that G ∼=2 G2(3n/2). Let g be a homology of G of
prime order  . By [12, 4.7] involutions are Baer involutions. So  is odd.
(1)  = 3 or  is a divisor of q ± 1. If  = 3, then the Sylow 3-center contains a
homology by [12, 3.3]. By [19, (2) and (3) of Theorem, p. 63], the center Z of a Sylow
3-subgroup of G is an elementary abelian 3-subgroup of order q and there is a cyclic
subgroup of order q − 1 acting fixed-point-freely on Z. Hence all subgroups of order 3 in
Z are conjugated as |Z| = q . By [12, 4.11(1)], Z cannot contain any homology. (Note that
q is an odd power of 3, so Z is not cyclic.)
Now G contains a subgroup isomorphic to L2(q). As q is odd, so  cannot divide q±1
by [12, 4.14].
(2)  divides q−. Apply Lemma 2.1 to Ki = gG =Kj , and Kk = JG. (Here the element
g is the element V of [19, p. 83] and J is the involution in the table of [19, 88]. Also
3(n−1)/2 = m and q = r in [19].) Let a = 12 (q − 1)m(2 + q+). The value of the sum of
Ci,j,k , ((V ,V,J ) in the notation of [19]) is
1 + 0 + q3 + 0 +
−(q − 1) · 1 + 0 + −(q − 1) · 1 + 0 + 0 + · · · + 0q 2 a 2 a
C.Y. Ho / Journal of Algebra 279 (2004) 315–325 321= 1 + 1
q2
+ −2
3(n−1)/2(2 + q+) > 0.
Hence this case cannot occur as a Baer involution cannot be a product of two homologies.
(3)  divides q+. This is similar to case (2). We use g to be the element W of [19, p. 83].
This time the value of the sum is
1 + 0 + q
q3
+ 0 + 0 + (q − 1)
2
· 1
a
+ 0 + (q − 1)
2
· 1
a
+ 0 + · · · + 0
= 1 + 1
q2
+ 2
m(2 + q+) > 0.
So this case cannot occur either and the proof of the lemma is complete. 
3. Proofs of Theorems 2 and 3
Let (V ,F,S) be a finite translation plane, where V is the underlying vector space
defined over the field F of characteristic p and S is a spread.
Proof of Theorem 2. Let G be a simple linear collineation group of Lie rank 1 with
perspectivities of the translation plane in question. By Lemmas 2.4, and 2.5, G ∼= L2(q) or
Sz(q).
Suppose G ∼= L2(q). If an involution is a perspectivity, then p = 2 by [9]. As G fixes 0
and the line of infinity, involutorial perspectivities are shears. Conclusion (1) now follows
from [12, 4.6]. Thus involutions are Baer. This time conclusion (1) follows from [12, 4.14].
Suppose G ∼= Sz(q). Conclusion (2) follows from Lemma 2.3. The proof of Theorem 2
is complete. 
Proof of Theorem 3. By Theorem 2.2, we may assume that G is a simple linear
collineation group with perspectivities and |F | ≡ 1 (mod 3). If the order of the plane is
odd, then [11, Theorem A] implies that G ∼= L2(2a), Sz(2a), U3(2a), a odd. Theorem 2
shows that this situation cannot occur. Therefore p = 2. Since |F | ≡ 1 (mod 3), |F | must
be an even power of 2. 
4. Proof of the Main Theorem
We record the following result of U. Dempwolff [5].
Theorem 4.1 (Dempwolff). Let P be a projective plane and X ⊂ Aut(P ) a finite,
quasisimple group such that X is the quotient of an universal group of Lie-type of
characteristic p. Suppose α is a perspectivity on P normalizing but not centralizing X
and assume α induces on X an automorphism of odd prime order u. Then X − Z(X)
contains involutory perspectivities, except possibly in the following cases:
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(2) X/Z(X) ∼= L2(q), q = pf and
(i) q = u = 5 or
(ii) q even and u divides q + 1.
(3) X/Z(X) ∼= L3(q), q = 22a , u = 3.
(4) X/Z(X) ∼= PSU(3, q2), q = 22a+1, u = 3.
(5) X/Z(X) ∼=2 G2(q), q = 32a+1, u = 3.
Proof of the Main Theorem. By Theorem 2.2, we may assume that G is a simple linear
collineation group with perspectivities of a finite translation plane (V ,F,S).
Theorem AS of [12] eliminates the 26 sporadic simple groups and the alternating groups
on 6 or more letters as a possibility for G. Theorem AS of [12] also shows that the
alternating group on 5 letters contains an involutorial perspectivity. Thus conclusion (1)
of the Main Theorem holds in this case by Theorem 2.
So we may assume that G is of Lie type. By [12, 4.7], involutions of G are Baer unless
G ∼= L2(q) or Sz(q) and the Main Theorem holds in this case by Theorem 2. Hence we
may assume that involutions of G are Baer. Hence there is a perspectivity of G of odd prime
order. Therefore we could apply Theorem 4 to G = X. Since G is simple, Theorem 4(1)
cannot occur. By Lemma 2.4, Theorem 4(4) cannot occur.
If Theorem 4.1(3) occurs, then G ∼= L3(22a) and u = 3. There is only one conjugacy
class of elements of order 3. Note that G  H ∼= L3(4). In H , an element of order
3 is contained in a subgroup isomorphic to 24 : A5 and a subgroup isomorphic to A6.
(See, for example, [4, p. 23].) The first subgroup implies the existence of an involutorial
perspectivity in G by [10, 2.1]. This contradicts to the fact that involutions of G are Baer.
(The subgroup isomorphic to A6 also provides a contradiction by [12, Theorem AS].)
Hence Theorem 4.1(3) cannot occur.
The proof of the Main Theorem is complete except the divisibility condition. A finite
translation plane of order 2 is a Desarguesian (affine) plane. Thus the collineation group
of a translation plane of order 2 is solvable. Therefore, the order of a simple plane of even
order is divisible by 4. 
5. Proof of Theorem 1
One advantage of working with a simple linear collineation group is the possibility
of using the eigenspaces of its linear collineations. The following result concerns the
dimension of the set of fixed points of an element of order dividing q + 1 in SL(2, q),
where q is an odd power of 2, on an irreducible Fq(SL(2, q))-module.
Lemma 5.1. Let W be an irreducible Fq(G)-module, where G ∼= SL(2, q) with q a power
of 2. Let g ∈ G be an element of order dividing q + 1. If dim(CW (g)) = 12 dim(W), then
dim(W) = 4.
Proof. We write W(g) for CW(g). If dim(W) = 2, then dim(W(g)) = 0. Therefore, we
may assume dim(W) > 2. Let q = 2n. Let σ : x → x2 so that σ is a generator of the Galois
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0 i  n − 1, let Ni = Nσi , the Frobenius twist of N by σ i .
By a result of Brauer and Nesbitt [3], W = Ni1 ⊗ · · · ⊗ Nit , where 1 t  n,0 i1 <
· · · < it  n− 1.
Assume dim(W) = 4. Then there are at least three factors in the tensor product of W .
We use induction to prove that dim(W(g)) < 12 dim(W). The dimension of the set of fixed
points does not change under tensor product with Fq2 . We could use the eigenvalues of
g over Fq2 . Note that the eigenvalues of g on any one of the two dimensional irreducible
Fq(G)-module are in the form λ, λ−1. The eigenvalues of g on W also come in pairs a,
a−1. Let m(a) be the multiplicity of a. So m(a) = m(a−1). We write mW(a) when we
want to emphasis the space W . We divide the rest of the proof into two steps.
Step 1. t = 3.
There are three cases corresponding to the three pairs of eigenvalues being three
equal pairs, two equal pairs, and three different pairs. A direct computation in each of
these cases show that m(a) < 4 for any eigenvalue a of g on W . As dim(W) = 8, so
dim(W(g)) = m(1) < 4 = 12 dim(W).
Step 2. t > 3.
Let U = Ni1 ⊗· · ·⊗Nit−1 . Then W = U⊗Nit . Let the eigenvalues of g on Nit be b, b−1.
Thus dim(W(g))  2mU(b). By induction, mU(b) < 12 dim(U). As dim(W) = 2 dim(U),
so dim(W(g))  2mU(b) < dim(U) = 12 dim(W) as desired. A moment of thought also
shows that m(a) < 12 dim(W) for any eigenvalue a of g on W . 
We remark that N. Chigira (Note on elements of SL(2,2n), preprint of 5 pages, April 22,
2003) proves Lemma 5.1 by using the companion matrix. Note also that dim(W(g)) could
equal to 2 when t = 2.
Proof of Theorem 1. An even order Desarguesian plane of order divisible by 4, an Ott–
Schäffer plane, or a Lüneburg plane admits a simple linear collineation group G with
perspectivities such that the underlying vector space is an irreducible F2(G)-module.
Assume that the translation plane (V ,F,S) of characteristic p admits a simple linear
collineation group G with perspectivities such that V is an irreducible Fp(G)-module. By
the Main Theorem, p = 2. The F -fibers are also F2-subspaces when V is considered as a
vector space over F2. As these F -fibers mutually intersect at the zero vector, they become
the F2-fibers of a F2-spread of V by a counting argument. These F2-fibers form a F2-
spread for V as a vector space over F2. We treat the case in which there is an involutorial
perspectivity and the case in which there is a Baer involution separately.
Case 1. G contains an involutorial perspectivity.
In this case, by the Main Theorem, V is a direct sum of natural Fq(G)-modules, where
G ∼= SL(2, q) or Sz(q). As V is an irreducible F2(G)-module, so V has only one summand
in the direct sum of Fq(G) natural modules.
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this involution. Hence this set is a F -fiber. On the other hand, these sets, when V being
considered as a Fq -vector space, are also Fq -subspaces of dimension equal to 12 dimFq (V ).
A moment of thought shows that these sets are Fq -fibers of a Fq -spread. Therefore, V is
an even order Desarguesian plane or a Lüneburg plane as desired.
Case 2. G contains a Baer involution.
In this case G ∼= SL(2, q), q = 2n. All involutions of G are Baer. Let W := V ⊗F2 Fq . By
[15, 9.21, p. 154], W =⊕si=1 Wi , where Wi are algebraic conjugates, and s = |F2(ζ1) : F2|
with ζ1 being the character of W1. Thus s divides |Fq : F2| = n.
Let g ∈ G be a perspectivity. By the Main Theorem, the order of g divides q + 1. We
write d2 for dimF2 and dq for dimFq . Thus
1
2
dq(W) = 12d2(V ) = d2
(
V (g)
)= dq
(
W(g)
)= sdq
(
W1(g)
)
.
On the other hand, dq(W) = sdq(W1). This implies sdq(W1) = 2sdq(W1(g)). So
dq(W1(g)) = 12dq(W1). By Lemma 5.1, this implies that dq(W1) = 4.
Let Q be a Sylow 2-subgroup of G and H be a cyclic subgroup of order q − 1
normalizing Q. Then V (Q) is a completely reducible F2(H)-module. A moment of
thought shows that each irreducible F2(H)-module has q elements. Thus |V (Q)| = qa ,
where a is the number of the direct summands of V (Q) as F2(H)-module. On the other
hand, d2(V (Q)) = dq(W(Q)) = s as dq(W1(Q)) = 1 by a direct computation. Hence
2n
a = qa = ∣∣V (Q)∣∣= 2d2(V (Q)) = 2s .
As s divides n, this implies that s = n and a = 1. Therefore |V | = 24s = 24n = q2. Thus
V is an even order plane of order q2 admitting a linear collineation group isomorphic to
SL(2, q). We can now apply [6, 5.1] to conclude that (V ,F,S) is an Ott–Schäffer plane
and the proof is complete. 
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